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A0 are more easily predictable than \x and \y over long periods
of time. This is because x and y do not return to the same re-
spective values with any regularity while the values of r and </>
are approximately periodic. The multipliers corresponding to
the movement of Jupiter out of the ecliptic plane in both sets
of coordinates (the z and 6 multipliers) do not exhibit a pe-
riodic behavior over the twelve and one-half month interval.

Thus, the choice of the coordinate system in which the prob-
lem is set is quite important when searching for recurrent be-
havior of the type presented here. It is possible that there is a
coordinate system which would exhibit a periodic behavior for
all six Lagrange multipliers, but the spherical polar coordinates
appear adequate for guessing the initial values of the Lagrange
multipliers for launch dates outside the range of values pre-
sented.

References
1 Hart, J. D., Fowler, W- T-, and Lewallen, J. M., "Recurrent

Nature of Lagrange Multipliers for Optimal Low-Thrust Earth-
Jupiter Trajectories/7 AIAA Journal, Vol. 7, No. 7, July 1969,
pp.1357-58.

2 McDermott, M., Jr., "Comparison of Coordinate Systems for
Numerical Computation of Optimal Trajectories," Master's the-
sis, April 1967, The Univ. of Texas, Austin, Tex.

Nonaffine Similarity Laws Inherent
in Newtonian Impact Theory
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Nomenclature

CD,CL = drag and lift coefficients, respectively
d = body width
k = Newtonian constant
I = body length
s = upper limit on s
x,y,s = longitudinal distance, lateral distance, arc length
y' = local slope, dy/dx
6 = angle between local tangent and freestream velocity

vector
X = reference length
£ = general complementary parameter
£ = upper limit on £

Subscripts
0 = basic configuration
1 = complementary configuration
2 = doubly-complementary configuration

NEWTONIAN impact theory provides a basis for studying
nonaffine similarity laws; as opposed to affine or linear

similarity laws.1"5 This Note presents those nonaffine
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Fig. 1 Flat-topped body.

similarity laws and transformations for two-dimensional
bodies, subject to the limitations of Newtonian impact
theory. Considerations are given only to flat-topped bodies
at zero angle of attack, since the upper or lower portion
of any nonflat-topped configuration can be treated in a
similar manner. The similarity laws for complementary
configurations are derived from the following Newtonian
drag and lift equations
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where 6 (see Fig. 1) is the angle between the local tangent
and the freestream velocity vector (applicable only for 0 >
0), & is a constant factor (k = 2 for the classical Newtonian
equation), and X = reference length.

Definitions of Complementary Configurations

Definition 1: Two configurations are said to be comple-
mentary with respect to any parameter £ if the slopes at
corresponding values of £ have complementary angles; i.e.

0o(£) + 0i(£) = ir/2 (3)
Note that this implies that if there is a one-to-one corre-
spondence of 0o with £, then there is a one-to-one corre-
spondence of 0i with £. Since y' =s dy/dx = tan0, it follows
from Eq. (3) that

2/o'(£)-2/i'(£) = 1 (4)
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Definition 2: Transformations effected according to Eqs.
(3) or (4) are said to be complementary transformations.

In Fig. 1, only the interval 0 < x < Us of concern. There-
fore, only complementary configurations in this interval
need be found for the Newtonian application. In other
words, two configurations with complementary forebodies
and unrelated afterbodies (with the restriction that 0 < D
on the afterbody portion) can have the same similarity prop-
erties. These configurations are not completely comple-
mentary which gives rise to the need for the following defini-
tion.

Definition 3: Two configurations are said to be completely
complementary with respect to £ if both configurations
satisfy Eq. (3) and have the same limits in £. If the limits
overlap, then they are said to be partially complementary.

Another important definition which is used to relate many
configurations is as follows.

Definition 4: If a configuration (1) is complementary to a
configuration (0) with respect to £1, and if a configuration
(2) is complementary to configuration (1) with respect to
£2, then it is said that configuration (2) is doubly-comple-
mentary to configuration (0) with respect to £2£i.

From the previous definitions, it follows that the set of
equations

defines the configurations (0) and (2) as being doubly-
complementary with respect to £2£i. The extension of this
definition to multiply-complementary configurations is
obvious. Finally, one last definition related to multiply-
complementary configurations is needed.

Definition 5: Two configurations which are related through
an even (odd) number of complementary transformations are
said to be even (odd)-multiple configurations.

With these definitions, the similarity laws may now be
derived. Although the derivations to follow are for the
parameters £ = x,y, and s, other £ parameters may also be
used.
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Fig. 2 Configurations comple-
mentary to a flat-topped para-

bolic body.
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Similarity Laws

For any configuration defined as a function of £, Eqs.
(1) and (2) may be rewritten as follows:

Vk°D (7)

(8)

These equations will now be applied to specific £ parameters.

A. Configurations complementary with respect to x

From Eq. (7)_, the general drag expression for £ = x and
the upper limit £ = Z is

- f * sisin0 (9)

For any two complementary configurations, Eqs. (3) and
(9) reduce to

(Wfco)Ci>, - yo(0 = (XiA)C^ - yi© (10)
This relation is the similarity law which relates the drag

on two complementary configurations defined by Eq. (4).

For the lift, Eqs. (3) and (8) with ^ — y become

For the lift, Eqs. (3) and (8) yield

B. Configurations complementary with respect to y

_ From Eqs. (3) and (7), the similarity law for £ = y and
£ = dis

(12)

(13)

C. Configurations complementary with respect to s

From Eqs. (3, 7, and 8), the similarity law for £ = s and
£ = 5 is

The interesting result about this similarity law is that the
drag and lift are related to one another.

In the same manner, the following similarity law is also
derived

(15)
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Fig. 3 Configurations 4
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D. Summary of similarity laws

The symmetry of the nonaffine similarity laws derived
above becomes apparent when comparing Eqs. (10) and
(13), Eqs. (11) and (12), Eqs. (14) and (15). Eqs. (10) and
(13) state that the force coefficient (with the appropriate
reference length and Newtonian constants) in the direction
of the complementary parameter £ less the maximum width
(distance normal to the free-stream vector) is invariant.
Eqs. (11) and (12) state that the sum of the force coefficients
normal to the complementary parameter £ (with the ap-
propriate reference lengths and Newtonian constants) is
equal to the maximum value of this parameter, £. The
symmetry of Eqs. (14) and (15) is obvious.

Complementary Configurations

To find complementary configurations for which the
similarity laws of the previous section apply, Eq. (4) may be
rewritten as follows :

Vi'W = l/Vo'tt)
Integrating this equation for configurations complementary
with respect to x, there results

<16)

and for configurations complementary with respect to y

*ifo) = f^yo'(y)dy (17)

For configurations complementary with respect to s,
it can be shown that the following transformation is effected

(#0,2/0) -*• (2/1 ,#i) (18)
Examples of complementary configurations obtained by

applying Eqs. (16-18) to a flat-topped parabolic body with a
leading-edge angle of 50° and a fineness ratio of 1.5 are shown
in Fig. 2. Note that the transformed bodies are concave;
whereas the original is convex. This is inherent in single
transformations of complementary configurations.

Multiply-complementary configurations arise when more
than one transformation is effected. For even-multiple
configurations, the transformations are convex-to-convex
and concave-to-concave; and for odd-multiple configurations,
the transformations are convex-to-concave and concave-to-
convex. (Since Newtonian theory may have limited applica-
tion to concave bodies, the even multiplies for convex bodies
are of practical interest.) Note that even-multiple con-
figurations have the same leading-edge angle. Therefore,
their Newtonian constants may be taken to be equal; i.e.,

Examples of multiply-complementary configurations are
shown in Fig. 3 for a power-law body with exponent f. Note
that the complementary configurations are also power-law
bodies. In general (with some exceptions), power-law bodies
remain power-law bodies under complementary transforma-
tions.

Conclusions

Nonaffine similarity laws and transformations have been
derived, subject to the limitations of Newtonian impact
theory. Applying these transformations to different con-
figurations, the lift and drag coefficients of complementary
configurations can then be related through the appropriate
similarity laws. The results of this paper may be extended
to three-dimensional configurations and generalized to
configurations which are not complementary (i.e., 00 + 0i ^
ir/2).
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THE effectiveness of tangential momentum transfer from
a flowing gas to a boundary surface is generally described

in terms of a tangential momentum accommodation coefficient
0- defined as the fraction of the flux of tangential momentum
transmitted to the surface by molecular collisions or, equiva-
lently, the fraction of molecules that are diffusely reflected
from the surface. Values of o~ for a number of gas-solid
systems have been obtained from measurements of slip velocity
and surface drag.1"4 The purpose of this Note is to report
calculated values of a for an idealized, monocrystalline model
of the gas-solid interface and to compare these with the ex-
perimental values. From this comparison the effect of the
polycrystallinity of real surfaces on tangential momentum
transport can be inferred. It is also shown that the values of
a obtained from the slip velocity for the model system are dif-
ferent, in general, from those determined from the calculated
surface drag. This suggests that experimental values of the
accommodation coefficient for certain real surfaces may also
depend on which of the two quantities is measured. The re-
sults of the study are most applicable to the aerodynamically
interesting case of high-speed, low-density gas flows, although,
at least qualitative inferences can be drawn for other flow
systems.

Consider a rarefied gas confined to the space y > 0 by arx
infinite flat plate at y = 0. The plate is stationary and the
gas flows parallel to it with a velocity u = xu(y,t). We as-
sume that far from the plate the flow is steady and uniform;;
thus

lim u(y,t) = U

a constant. The molecular state of the gas is given by
f(c,y,t), the local distribution function for molecular velocities
c, and the macroscopic properties of the gas are moments of /.
In particular, the gas velocity at the surface and the inter^
facial momentum flux are given by

us = ris^fcfsdc (la)

and

ps = /m(c — u,)(c — Us)fsdc

Received June 1, 1970; revision received July 9, 1970. This
research was supported by a grant from the National Science*-
Foundation.

* NIH Postdoctoral Fellow, Department of Chemical Engi-
neering.

t Research Assistant, Department of Chemical Engineering^
presently Research Engineer, Lockheed Missiles and Space*
Company, Sunnyvale, Calif.

{ Associate Professor, Department of Chemical Engineering,.


